The Kantowski-Sachs cosmological model sourced by a Skyrme field and a cosmological constant is considered in the framework of General Relativity. Assuming a constant radial profile function α = π/2 for the hedgehog ansatz, the Skyrme contribution to Einstein equations is shown to be equivalent to an anisotropic fluid. Using dynamical system techniques, a qualitative analysis of the cosmological equations is presented. Physically interesting features of the model such as isotropization, bounce and recollapse are discussed.
I. INTRODUCTION
The Kantowski-Sachs metrics [1] describe spatially homogeneous anisotropic space-times with a 4-dimensional isometry group whose 3-dimensional subgroup acts multiply transitively on 2-dimensional spherically symmetric surfaces (for a clear introduction to the subject see [2] and [3] ).
The global structure of these models was described by Collins [4] , who was also the first who analysed the model as a 2-dimensional dynamical system for the case of perfect fluid with vanishing cosmological constant.
The dynamic of Kantowski-Sachs models has been investigated in presence of various types of sources such as matter and radiation [5] , scalar fields [6, 7] and in Einstein-Yang-Mills theory [8] . Some interesting aspects of these models such as the isotropization [9] [10] [11] and the bouncing behaviour [12] have also been studied in details.
The study of the Kantowski-Sachs models as dynamical systems with compact state space have been presented in [13] and [14] . The dynamical system has been extended to include also a cosmological constant [15] . For further details on Kantowski-Sachs models and their description through dynamical system theory see [16] and [17] . Kantowski-Sachs models have been also considered in theories beyond General Relativity such as String Cosmology [18] , extended theories of gravity [19] [20] [21] [22] [23] , bimetric theories of gravity [24] and so on.
Moreover, since the metric inside the horizon of a black hole is isometric to a Kantowski-Sachs cosmology, it has been used to study the singularity resolution in loop quantum gravity [25] [26] [27] [28] .
From the observational point of view, the possibility of distinguish between standard FRW models and spatially homogeneous but anisotropic models using cosmological data was also considered (see [29] [30] [31] and references * Electronic address: parisi@sa.infn.it † Electronic address: ninfa.radicella@sa.infn.it ‡ Electronic address: vilasi@sa.infn.it therein). In particular, Kantowski-Sachs cosmologies have been studied in a series of recent works [32, 33, 35] motivated by the observed distribution of inhomogenities and anisotropies in the cosmic background radiation, and by the possibly different evolution and propagation of perturbations in bouncing and non-bouncing cosmologies.
Recently, self-gravitating Skyrme fields in KantowskiSachs gravitational field were considered [38] . The Skyrme model is a nonlinear theory of pions. Although not involving quarks, it can be regarded as an approximate, low energy effective theory of QCD. The main motivation for constructing and studying this model is that is has topological soliton solutions that can be interpreted as baryons (Skyrmions). Thus, besides leading to the discovery of new exact analytic solutions of the 4-dimensional Skyrme model [39, 40] , these studies have shed light on the bound on the cosmological constant and the bounds on the Skyrme couplings [41] , suggesting a possible intrinsic relation between the coupling of the Skyrme field and gravity. For this reason, the dynamics of cosmological models sourced by Skyrme fields is worth being investigated.
In this paper we consider the Einstein-Skyrme system with a cosmological constant in four dimensions as presented in [38] and [41] . We focus on the Kantowski-Sachs spacetime and assume a constant radial profile function α = π/2 for the hedgehog ansatz in order to simplify our analysis. This allows us to reduce the field equations to a simple dynamical system which, in spite of its simplicity, shows a physically relevant and interesting behaviour. In particular, two stable fixed points are found, determining the asymptotic behaviour of the whole solution space.
The paper is structured as follows. In section II the cosmological equations are considered. In section III the equations are recast as 3-dimensional autonomous dynamical system. Relevant dynamical features, namely the stability properties of fixed points, invariant submanifolds and equilibrium sets are analysed. In section IV physically relevant aspects, such as the behaviour of exact solutions at fixed points, the conditions for bouncing behaviour and isotropization, are discussed. A relation between the cosmological constant and the parameters of the Skyrme model is also found. In section V some conclusions are eventually drawn.
II. COSMOLOGICAL EQUATIONS
The Einstein-Skyrme system with a cosmological constant in four dimensions is described by the total action
where R is the Ricci scalar, Λ represents the cosmological constant and S Sk is the contribution from the Skyrme field. In order to introduce the Skyrme action S Sk , let us consider some notations [34, 36, 37] . The Skyrme model is a generalized nonlinear sigma model where the Skyrme field U takes values on a specific target manifold, the Lie group SU (2). The Lie algebra associated to SU (2) will be denoted as su (2) . Let g be a Lie algebra and let g * be its dual space (called also the coalgebra). The adjoint representation of g is the linear map
When g is a semisimple Lie algebra, there is a canonical way to identify g and g * . Indeed, the semisimple Lie algebras over R and C are characterized by the fact that the Killing form of the algebra g, is nondegenerate:
The trace can be evaluated by taking an arbitrary basis for g, being the trace independent of the basis choice.
For the considered model, one can define
where the latin indices correspond to the group indices; t i = −iσ i , σ i being the Pauli matrices, i.e. the basis of su (2); R µ being a su(2)-valued current. The Skyrme action is then defined as
If one assumes the hedgehog ansatz in deriving the Skyrme equations as in [38] , the system reduces to a single scalar equation that can be easily solved.
We restrict ourselves to such a case, with the additional choice for the metric to be the Kantowski-Sachs one which reads
and the Einstein equations acquire an additional term that can be identified with the energy-momentum tensor derived by the variation of the Skyrme action T S µν :
Assuming the constant value α = π/2 for the radial profile function, the Einstein equations read
In the equations above the dot represents derivation with respect to time, G is the Newton constant, K and λ are related to the parameters that appear in the Skyrme action, namely K := F 2 π /4 and λ := 4/e 2 F 2 π , and are fixed by comparison with experimental data. From flat space-time results [42] , one gets 8πG K ∼ 1.5 · 10 −39 and λ ∼ 2 · 10 −31 m 2 . In this particular case the parameter K acts as a rescaling of the Newton constant: G ef f = GK then henceforth we set 8πGK → k. Motivated by the numerical evaluation above, in what follows we will consider 0 < k < 1.
A close inspection of the equations reveals that the Skyrme contribution can be recast in the form of an anisotropic fluid, that will be helpful in the following analysis. The corresponding energy-momentum tensor is
being u µ the four-velocity and χ µ a unit spacelike vector in the radial direction, i.e. χ µ = A −1 δ µ r . Moreover ρ represents the energy density, p r the radial pressure measured in the direction of χ µ and p t the transverse pressure measured in the orthogonal direction to χ µ . In terms of the metric function B these quantities read
Such an anistropic fluid satisfies all the energy conditions -weak, strong and dominant energy condition [43, 44] . Let us now consider the behaviour of the cosmological constant; it violates the strong energy condition, since it gives a positive contribution for the variation of the expansion of the geodesics curves in the congruence, in contrast to the convergency effect of matter. When we consider this additional effect, the total fluid, composed by both the Skyrme fluid and the cosmological constant, could violate or fulfill the strong energy condition depending on the relative contribution of the pressure terms. In order to verify the strong energy condition, the positive tangential pressure of the Skyrme fluid must compensate the negative pressure of the cosmological constant.
III. DYNAMICAL SYSTEM ANALYSIS
It is convenient to recast the equations as an autonomous system of first order nonlinear differential equations and then to perform a local analysis to characterize the stability of the stationary points corresponding to specific cosmological solutions. In this particular model, as will be shown below, due to the introduction of suitably defined variables, it is possible to perform a compactification of the phase-space gaining informations on the behaviour of the model at infinity.
The Einstein field equations can be written in terms of propagation equations for the usual volume expansion scalar θ, the shear scalar σ 2 = 1 2 σ µν σ µν and the 3-curvature scalar (3) R which, for the Kantowski-Sachs metric, are:
The Friedmann equations becomė
The quantity
R is strictly positive even if θ = 0; this means that the new variabile D ≡
R is a well-defined normalization. From Eq.(17) one gets the following constraint
It is then possible to introduce new dimensionless variables
This allows to construct a compact state space since the constraint in Eq. (18) becomes
Then one can have a complete picture of the cosmological behaviour once one introduces a normalized time deriva-
Since D is real-valued and strictly positive, it provides a monotonically increasing time variable. Deriving all the variables with respect to τ , the equations of motion become
One also gets
The dynamical system can then be recast in the following form
Eventually, making use of the constraint in Eq. (18), the system is reduce to a 3-dimensional autonomous dynamical system in the new variables Q, Σ, Ω Λ :
The system has a compact phase-space defined as follows:
An example is depicted in Fig.1 . The system in Eqs. . For the sake of completeness we have also reported the corresponding values of ΩK e ΩS.
with real part of opposite signs. Its worth stressing that the two points D and E are always placed outside the physical region S of the phase space.
The system also displays a curve of equilibrium points lying in the Q = Σ plane and is defined by:
The Jacobian matrix evaluated at the points of the equilibrium set has two real eigenvalues of opposite signs and a third, vanishing, eigenvalue (except for the point with Q = Σ = 0 and Ω Λ = (1 − k)/2, which has vanishing eigenvalues requiring further investigation). Thus it is a Sol. Stability λ1 λ2 λ3
A Stable (attractor) −6 −6 −6 B Unstable (repellor) 4 3 2 C Unstable (saddle) −6 −2 2 D Unstable (saddle) 0 < 0 > 0 E Unstable (saddle) 0 < 0 > 0 F Unstable (saddle) 6 −2 2 G Stable (attractor) −4 −3 −2 H Unstable (repellor) 6 6 6 normally hyperbolic equilibrium set. The system in Eqs. (28) (29) (30) has three invariant submanifolds characterized by Q = 1, Q = −1 and Ω Λ = 0, depicted in Fig.2, Fig.3 and Fig.4 . 
FIG. 2:
In the submanifold Q = 1 there are three equilibrium points corresponding to the points F, G and H of table I. In this submanifold, F (down-left, black) is unstable of the saddle type; G (top-center, blue) is stable and H (down-right, red) is unstable. Thus, in this subspace, G is a future attractor.
IV. EXACT SOLUTIONS AT FIXED POINTS, BOUNCES, ISOTROPIZATION
It is interesting to test whether the dynamics described by the system Eqs.(3-5) leads to physically relevant conditions such as isotropization. We first show the procedure which allows to reconstruct the time evolutions of the two scale factors at the fixed points. Then we consider the conditions allowing bouncing solutions. Eventually, isotropization is discussed.
A. Solution reconstruction
A first step toward the physical interpretation of the found solutions is the analysis of the metric functions at the fixed points [14, 45] . The evolution of the two scale factors A and B can be reconstructed as follows. The Raychauduri equation can be rewritten in terms of the dimensionless variables:
and then can be evaluated for each fixed point to give the analytic behaviour of the volume expansion scalar θ.
It is useful to rewrite Eq.(32) in terms of a deceleration parameter
Then, for each fixed point one can evaluate the corresponding q. Two classes of solution are obtained. For the stationary points A, C, F and H, one gets
These points are characterised by Q 2 = 1 and Σ 2 = 1; this allows to solve in terms of both scale factors A and B to obtain either B ∼ const. and A ∼ t,
or B ∼ t 2/3 and
depending on the sign of Σ. Thus, these points represent Kasner-like solutions. For the two points that have zero shear and Ω Λ = 1, namely B and G, one gets
A vanishing shear implies the same evolution for both A and B that is driven by the cosmological constant, the sign of the exponent depending on the sign of Q:
thus these points represent de Sitter-like solutions. Analogously, for the equilibrium set Eq.(31) the acceleration parameter is always q = −1.
One can easily check that these results are consistent with those found in [15] for the vacuum boundary. Indeed, setting k = 0 and Ω s = 0, that is, for a vanishing Skyrme source terms, the constraints become
and the system can be expressed in terms of the variables Q and Σ (remembering also that, in this correspondence, Σ → −Q + )). The correspondence is straightforward and reads as shown in Tab.III. [15] .
B. Bounce and recollapse
The motivation to consider bouncing behaviour in Kantowski-Sachs models is twofold [12] . Firstly, the geometry of the universe at a bounce might be different from the isotropic and spatially homogeneous FriedmannRobertson-Walker spacetimes. Secondly, one might expect the Kantowski-Sachs geometry, having the same symmetries as the spatially homogeneous interior region of the extended (vacuum) Kruskal solution, suitable for describing the turning point in black hole collapse and subsequent expansion.
Following [12] , let us define an expansion parameter for each scale factor
A bounce in the scale factor A occurs at time t = t 0 if and only if y(t 0 ) = 0 andẏ(t 0 ) > 0, the analogous conditions holding in order to have the bounce in B. Hence, in general there can be a bounce in just one of the two scale factors. According to the above-mentioned conditions, from Eq. (3-5) a bounce in A requires
i.e. the Strong Energy Condition of the total matterenergy content has to be violated. A similar analysis of Eq. (3) (4) (5) shows that a bounce in B is impossible. Indeed, Eqs. (3-5) imply 2ẋ = −k (p r + ρ); since the radial pressure and the energy density for the Skyrme fluid are related by p r = −ρ (see Eq. (8)) this means that x = 0 ⇐⇒ẋ = 0. Besides the bounce behaviour, the condition for expanding or recollapsing solutions can be easily singled out. For istance, one can notice that subtracting Eq. (4) from Eq.(3) and assumingḂ = 0 (i.e. x = 0), the relation between the two scale factor is trivial, in a sense:
Then, Eq.(4) only contains the function B and the system reduces to two equations that read:
whereB = B 2 . This system admits two fixed points in the (x,B)-plane, namely, P 1 = (0, f − (Λ, k, λ)) and
For each point, there is always a pair of eigenvalues with opposite signs (λ i , −λ i ), namely
with S = (−1 + k) 2 − 2kλΛ. By definitionB must be positive thus, one finds that the two fixed points exist in the following range:
P 1 being neutrally stable, P 2 being unstable of saddle type. We stress that for both the fixed pointsB is constant, i.e. a constant scale factor B, thus the conditioṅ B = 0 is violated. Moreover, Eq. (41) implies that, at the fixed points, the scale factor A vanishes thus the cosmological model meets a singularity. Interestingly enough, this analysis reveals a connection between the cosmological constant and the parameters of the Skyrme model. Considering the Skyrme parameters reported above and recalling that the cosmological constant value is Λ ∼ 10 −52 m −2 , one can deduce that the conditions on the model parameters in Eq.(46) are fulfilled for such estimations, thus for a large portion of the phase space, the solutions will evolve toward expansion.
Thus, we distinguish two behaviours, namely, solutions in the basin of the stable fixed point P 1 and unbounded solutions, which respectively correspond to the orbits in the basin of attraction of point A and G of the previous analysis. Their physical interpretation can be immediately understood considering the corresponding evolution of the scale factors A and B which can be readily determined by numerically integrating the system of Eqs. (3) (4) (5) ; the result presented in Fig.5 . The system admits two type of solutions, recollapsing solutions belonging to a finite region containing the lower (blue) static solution (corresponding to the neutrally stable fixed point P 1 ) and expanding solutions (influenced by the unstable fixed point P 2 ). It is worth stressing that, being A and B two scale factors, the physical solutions are those living in the A > 0 and B > 0 region. Thus the actual behaviour is the following: for initial condition in the bounded region, there are solutions with expanding scale factor B and recollapsing scale factor A. The other solutions, for generic initial conditions outside the bounded region, are characterized by an exponential expansion of both the scale factors al late time (see below). A very different behaviour is observed in the case of a vanishing cosmological constant where only recollapsing solutions are present. 
C. Isotropization
For generic initial conditions outside the bounded, finite, stability basin dominated by the centre fixed point P 1 in Fig.5 , namely, for all the orbits converging to the attractor fixed point G of the previous analysis corresponding to de Sitter-like expanding solutions, the dimensionless shear parameter Σ 2 undergoes an exponential decay. This means that the cosmological solutions exhibit isotropization within a finite amount of time, as one can easily see from Fig.6 . It is worth stressing that, in this context, isotropization means a vanishing shear parameter, i.e. the two scale factors are characterized by the same functional dependence on time. Indeed, Kantowski-Sachs metrics are topologically inequivalent to Robertson-Walker models, the former having a 4-dimensional isometry group, but no 3-dimensional simply transitive subgroup, acting on the three space. The same results can be achieved using the equivalent definition of anisotropic parameter of the expansion given in [11] . A similar behaviour is observed for the evolution of the energy density ρ and anisotropic pressure parameters ω i of the Skyrme fluid, derived in eqs.(7-9), see Fig.7 .
The other isotropic fixed point is B, that is a repeller, while other fixed points are anisotropic. Three of them are repellers (H) or saddle (C, F ). This translates into the possibility to have both isotropic and anisotropic initial conditions or intermediate anisotropic conditions leading to structure formation, provided a sufficiently small anisotropy. 
V. CONCLUSIONS
We have considered the Kantowski-Sachs the cosmological model sourced by a Skyrme field and a cosmological constant in the framework of General Relativity. The hedgehog ansatz, together with the assumption of a con-stant radial profile function α = π/2, allows to recast the stress-energy tensor of the Skyrme field as an anisotropic fluid whose contribution to the evolution of the solutions has been analysed.
We have shown that the cosmological equations can be reduced to a simple 3-dimensional autonomous dynamical system with compact phase space. Three invariant 2-dimensional submanifolds are found, namely Q = ±1 and Ω Λ = 0. In the region of the phase space corresponding to physical cosmological solutions, six isolated fixed points are found: two points being attractors, two points being repellers, the remaining four points being unstable of the saddle type. The functional dependence on time of the two scale factors A and B corresponding to each of these solutions has been reconstructed. The system also displays a normally hyperbolic equilibrium set.
A simple analysis shows that, while a bounce in the scale factor B is impossible, a bounce in the scale factor A is possible when the strong energy condition is fulfilled. Two type of late time behaviours are found, either anisotropic collapsing solutions of Kasner-like type, or exponentially expanding solutions of de Sitter-like type.
